We study the Hilbert schemes Hilb d (A ∞ ) and Hilb ∞ (A ∞ ) from an A 1 -homotopical viewpoint. We show in particular that the rational Voevodsky motive of Hilb d (A ∞ ) is pure Tate and that Hilb ∞ (A ∞ ) is A 1 -homotopy equivalent to the infinite Grassmannian Gr ∞ (A ∞ ). We deduce that the forgetful functor FFlat → Vect from the moduli stack of finite locally free schemes to that of finite locally free sheaves is an A 1 -homotopy equivalence after group completion. This implies that the moduli stack FFlat, viewed as a presheaf with framed transfers, is a model for the effective motivic spectrum kgl representing algebraic K-theory.
Introduction
The Hilbert schemes of points on surfaces have been studied from various perspectives [Göt02, Nak99] . However, Hilbert schemes for varieties of higher dimensions are much less accessible. For example, Hilb d (A 2 ) is a smooth scheme for every d whereas for every n > 2 and d > 3 the Hilbert scheme Hilb d (A n ) is singular [MS05, Corollary 18.30] , and in fact the scheme Hilb(A 16 ) satisfies Murphy's law up to retraction, i.e., has all possible types of singularities [Jel18] . One can ask in particular about cohomological invariants of Hilbert schemes of affine spaces, or more generally their motives (in the sense of Voevodsky). The motive of the Hilbert scheme Hilb d (A 2 ) can be computed using the Białynicki-Birula decomposition of Hilb d (A 2 ) induced by a sufficiently generic G m -action on A 2 , see [HP19, Appendix A] or [ES87] . In particular, it is a pure Tate motive, i.e., a sum of motives of the form Z(n) [2n] . For n > 2 and d > 3 the strata of a Białynicki-Birula decomposition are not affine spaces and not much is known about M(Hilb d (A n )).
In this paper we show that the situation becomes much simpler if one stabilizes with respect to n. Namely, we consider the ind-scheme Hilb d (A ∞ ) = colim n Hilb d (A n ), and we prove that M(Hilb d (A ∞ )) is a pure Tate motive after inverting d (as well as the characteristic of the base field when it is positive), in particular rationally (see Theorem 3.7). This implies, for example, that the l-adic cohomology of Hilb d (A ∞ ), when l > d, decomposes into a sum of cyclotomic representations (and their shifts).
Remark 1.1. One can also consider the Hilbert scheme Hilb d (A N ) where A N = Spec k[x 1 , x 2 , . . . ], which contains the ind-scheme Hilb d (A ∞ ) as a subfunctor. We shall see that the inclusion Hilb d (A ∞ ) ⊂ Hilb d (A N ) is in fact an A 1 -equivalence (see Proposition 3.1).
Date: February 27, 2020. M.H., D.N., and M.Y. were supported by SFB 1085 "Higher invariants". J.J. was supported by NCN grant 2017/26/D/ST1/00913. If one stabilizes further with respect to the degree d, then we obtain a much stronger integral result: the ind-scheme Hilb ∞ (A ∞ ) is A 1 -homotopy equivalent to the infinite Grassmannian Gr ∞ (A ∞ ), whose integral motive is well understood (see Corollary 3.4). In particular, for any scheme S and any oriented cohomology theory A * on S-schemes in the sense of [Pan03] , such as l-adic cohomology, de Rham cohomology in characteristic 0, homotopy invariant K-theory, algebraic cobordism, etc., we have A * (Hilb ∞ (A ∞ S )) ≃ A * (S)[[t 1 , t 2 , . . .]], |t i | = i.
In Sections 4 and 5, we discuss some consequences of these computations for stable motivic homotopy theory. As we shall see, there are A 1 -homotopy equivalences
where FFlat d is the moduli stack of finite locally free schemes of degree d and Vect d that of finite locally free sheaves of rank d. Combining the above d-stable computation with the group completion theorem, we deduce that the forgetful map FFlat → Vect is an A 1 -homotopy equivalence after group completion, where FFlat is a commutative monoid under disjoint union and Vect under direct sum (see Theorem 2.1). The map FFlat → Vect is a morphism of presheaves with framed transfers in the sense of [EHK + 19b]. Over a field, the framed suspension spectrum of Vect is the effective motivic K-theory spectrum kgl. We therefore obtain an equivalence of motivic spectra Σ ∞ T,fr FFlat ≃ kgl (see Theorem 4.4). Furthermore, we show in Section 5 that the forgetful functor FSyn → FFlat from the stack of finite syntomic schemes to that of finite locally free schemes induces the standard orientation map MGL → kgl upon taking framed suspension spectra.
Combining these results with [BEH + 19, Theorem 1.1], we can summarize the situation by the following commutative diagram in PSh(Sm k ), where ≃ denotes a motivic equivalence and + a motivic equivalence up to Quillen's plus construction:
In this diagram, the bottom arrow is the standard orientation of KGL and all the other horizontal arrows are the obvious forgetful morphisms. Moreover, the bottom rectangle is one of commutative monoids in presheaves with framed transfers (in particular, of presheaves of E ∞ -ring spaces).
Notation and terminology. Sch denotes the category of schemes. If S is a scheme, Sch S denotes the category of S-schemes, Sm S that of smooth S-schemes, H(S) the ∞-category of motivic spaces over S, and SH(S) that of motivic spectra (see [BH18, §2.2 and §4.1]).
We denote by PSh(C) the ∞-category of presheaves of spaces on C and by PSh Σ (C) ⊂ PSh(C) the full subcategory of presheaves that transform finite sums into finite products [Lur17, §5.5.8]. If C is a suitable category of schemes, L A 1 : PSh(C) → PSh(C) (resp. L mot : PSh(C) → PSh(C)) is the localization functor onto the full subcategory of A 1 -invariant presheaves (resp. of A 1 -invariant Nisnevich sheaves). A morphism f in PSh(C) is called an A 1 -equivalence (resp. a motivic equivalence) if L A 1 ( f ) (resp. L mot ( f )) is an equivalence. Vladimir Sosnilo, for helpful discussions. We thank Tom Bachmann for useful comments on a preliminary version of this paper. This work was partly initiated during Yakerson's visit to the Institute of Mathematics of Polish Academy of Sciences, and then continued during Jelisiejew's visit to the University of Regensburg. We would like to express our gratitude to both departments for their hospitality.
A 1 -equivalence between the group completions of the stacks FFlat and Vect
We say that a morphism of schemes p : Y → X is finite locally free if it is finite, flat, and of finite presentation, or equivalently if it is affine and p * O Y is a locally free O X -module of finite rank. We denote by Vect(X) the groupoid of finite locally free O X -modules and by FFlat(X) the groupoid of finite locally free X-schemes, or equivalently of finite locally free O X -algebras. The presheaves of groupoids Vect and FFlat are algebraic stacks, with smooth atlases given by Grassmannians and Hilbert schemes of affine spaces. Forgetting the algebra structure on a finite locally free O X -algebra defines a morphism η : FFlat → Vect.
The direct sum and tensor product of O X -modules define an E ∞ -semiring structure on Vect. Similarly, the disjoint union and cartesian product of schemes define an E ∞ -semiring structure on FFlat, and the forgetful map η : FFlat → Vect is a morphism of E ∞ -semirings (we refer to Section 4 for a formal construction of these E ∞ -semirings). We denote by FFlat gp and Vect gp their group completions, which are presheaves of E ∞ -ring spaces. The main result of this section is the following theorem:
Explicitly, this means that for every scheme X, the morphism of simplicial spaces
induces an equivalence on geometric realizations.
Let σ : FFlat → FFlat be the map that adds a disjoint point over the base, and let τ : Vect → Vect be the map that adds a trivial line bundle. We denote by FFlat st the colimit of the sequence
We similarly define Vect st as the colimit of the sequence
There are canonical maps FFlat st → FFlat gp and Vect st → Vect gp .
Note that there is a commutative square To prove Theorem 2.2, we consider the algebraic stack FFlat mrk of finite locally free schemes with a distinguished point. More precisely, for every scheme X, the groupoid FFlat mrk (X) is given by FFlat mrk (X) = ( f, s) | f : Z → X finite locally free, s : X → Z a section of f .
We will refer to the section s as the marking and to such pairs ( f, s) as marked schemes.
There is a forgetful map α : FFlat mrk → FFlat that discards the marking. Let σ mrk : FFlat mrk → FFlat mrk be the map that adds a disjoint point over the base but does not change the marking. Let γ : FFlat → FFlat mrk be the map which adds a disjoint point and picks it up as a marking. Note that σ ≃ α • γ. However, σ mrk γ • α: both operations add a disjoint point to a marked scheme, but σ mrk keeps the marking while γ • α moves it to the newly added point. The heart of the proof is Construction 2.4 below, which shows in particular that σ mrk and γ • α are A 1 -homotopic.
The following table summarizes the various maps we will use in the proof of Theorem 2.2 (the maps ε, ν, and π are introduced below): name description η : FFlat → Vect forgets the algebra structure α : FFlat mrk → FFlat forgets the marking τ : Vect → Vect adds a trivial line bundle σ : FFlat → FFlat adds a disjoint point σ mrk : FFlat mrk → FFlat mrk adds a disjoint point without changing the marking γ : FFlat → FFlat mrk adds a disjoint point and picks it up as a marking ε : FFlat mrk → FFlat mrk adds a new tangent direction at the marked point ν : Vect → FFlat nu equips a module with zero multiplication π : FFlat nu → Vect forgets the algebra structure Lemma 2.3. Let S be a scheme and let Z → X and Z → Y be morphisms between finite locally free S-schemes with Z → X a closed immersion. Then the pushout X ⊔ Z Y in the category of schemes exists and is finite locally free over S.
Proof. The pushout exists and is affine over S by [Stacks, Tag 0E25]. Now, local freeness translates into an algebraic statement: if M → P and N → P are morphisms of finite locally free modules with M → P surjective, then M × P N is finite locally free.
Construction 2.4 (Bank robbery). There is a zigzag of A 1 -homotopies
Proof. Consider the finite locally free
. There are two sections i mv , i const : Spec(Z[t]) → R given by sending x to t and to 0, respectively, so we obtain two elements R mv = (R, i mv ) and R const = (R, i const ) in The last statement follows from the fact that R const and R mv have the same underlying scheme R. 
Let FFlat nu be the moduli stack of finite locally free sheaves of nonunital commutative algebras. There is an equivalence
FFlat nu ≃ FFlat mrk sending a nonunital algebra A to its unitalization A ⊕ O, with inverse sending an augmented algebra to its augmentation ideal.
Let ν : Vect → FFlat nu be the functor sending a finite locally free sheaf E to E regarded as a nonunital algebra with zero multiplication.
Proposition 2.6. The map ν : Vect → FFlat nu is an A 1 -equivalence.
Proof. Let π : FFlat nu → Vect be the forgetful functor. Then π • ν is the identity, and the map
is an A 1 -homotopy from ν • π to the identity of FFlat nu .
Proof of Theorem 2.2. We have commutative squares
with the following properties:
Assertion (4) is a straightforward verification from the definition of the A 1 -homotopy H const . Assertion (2) allows us to define a map ν st : L A 1 Vect st → L A 1 FFlat mrk,st , which is an equivalence by (1). Assertion The cyclic group C 3 acts on X/A 1 by permuting the three lines, so it remains to show that the induced automorphism c of X 0 is A 1 -homotopic to the identity. Note that X 0 is a square-zero extension Spec(Z ⊕ V) where V = Z{x, y, z}/Z{x + y + z}. Hence the group GL(V) acts on X 0 , and the matrix of c in the basis {x, y} of V is 0 −1 1 −1 , which has determinant 1. We conclude using the fact that (L A 1 SL 2 )(Z) is connected, since SL 2 (Z) is generated by elementary matrices.
The Voevodsky motive of Hilb d (A ∞ )
We write Hilb(A ∞ ) for the ind-scheme
where Hilb(A n ) is the Hilbert scheme of points in A n . On the other hand, if E is an infinite set, we write Hilb(A E ) for the Hilbert scheme of A E = Spec Z[x e | e ∈ E] (which is an actual scheme).
We shall say that a morphism f in PSh(Sch) is a universal A 1 -equivalence on affine schemes if any base change of f in PSh(Sch) is an A 1 -equivalence on affine schemes.
Proposition 3.1.
(1) The forgetful map Hilb(A ∞ ) → FFlat is a universal A 1 -equivalence on affine schemes.
(2) If E is an infinite set, the forgetful map Hilb(A E ) → FFlat is a universal A 1 -equivalence on affine schemes.
Proof. Let Z → X be a finite locally free morphism. Consider the presheaf Emb
As in the proof of [EHK + 19a, Lemma 3.5.1], it suffices to show that the presheaves Emb X (Z, A ∞ X ) and Emb X (Z, A E X ) are A 1 -contractible on affine schemes. For the former, this is a special case of [EHK + 19a, Corollary 2.4.6]. The proof for the latter is similar. Namely, we prove that the simplicial set Emb X (Z, A E X )(A • Y ) is a contractible Kan complex when Y is affine. By [EHK + 19b, Lemma A.2.6], it suffices to prove the following: for every finite morphism of rings A → B and every finitely generated ideal I ⊂ A, every generating family (b e ) e∈E of the A-algebra B/IB can be lifted to a generating family (b e ) e∈E of B. Since B/IB is a finitely generated A-algebra, there exists a finite subset E ′ ⊂ E such that (b e ) e∈E ′ generates B/IB. Choose arbitrary lifts b e of b e for e ∈ E ′ . Since B is a finite A-algebra and I is finitely generated, IB is a finite A-module. Let h 1 , . . . , h m be generators of IB as an A-module. Since E is infinite, there exist distinct elements e i ∈ E − E ′ for 1 i m. We can then choose b e i such that b e i + h i belongs to the A-subalgebra generated by b e for e ∈ E ′ . Choosing the remaining b e arbitrarily, we obtain a generating family (b e ) e∈E as desired.
It follows from Proposition 3.1 that the inclusion Hilb d (A ∞ ) ⊂ Hilb d (A N ) is an A 1 -equivalence, so these two versions of the Hilbert scheme of infinite affine space are interchangeable for our purposes.
It is well known that the forgetful map Gr d (A ∞ ) → Vect d is an A 1 -equivalence on affine schemes. We give a proof in Proposition 3.2 below, since we could not locate a reference. In fact, we consider the following slightly more general situation. If X → S is an affine morphism of schemes and F is a quasi-coherent sheaf on X, the scheme Quot d (X/S, F) parametrizes quotients of F that are finite locally free of rank d over S. We denote by Coh d (X/S) the presheaf of groupoids on S-schemes parametrizing quasi-coherent sheaves on X that are finite locally free of rank d over S (which is an algebraic stack, see [HR15, §4] ). There is a forgetful map Proof. We need to prove that for every affine scheme Y the map of simplicial spaces
induces an equivalence on geometric realizations. We will prove that it is a trivial Kan fibration of simplicial spaces. Thanks to [EHK + 19b, Lemma A.2.6], it suffices to show that for any affine scheme Y = Spec A and any finitely presented closed subscheme Y 0 = Spec A/I, the map
Concretely, if Y × S X = Spec B, we must show that for any B-module M that is finite locally free of rank d over A and any generators (x 1 , . . . , x r ) of M/IM as a B/IB-module, we can find generators (x 1 , . . . , x r+s ) of M as a B-module such that x 1 , . . . , x r lift x 1 , . . . , x r and x r+1 , . . . , x r+s live in IM. This is indeed possible, since we can take any lifts x 1 , . . . , x r and any family (x r+1 , . . . , x r+s ) of generators of IM (which is a finitely generated B-module since both IB and M are). Remark 3.3. As in Proposition 3.1, one can also show that the map Quot d (X/S, O E X ) → Coh d (X/S) is an A 1 -equivalence on affine schemes for any infinite set E.
Corollary 3.4. On affine schemes, there is an equivalence L
Proof. This follows from Theorem 2.2 and Propositions 3.1 and 3.2.
Let
Hilb mrk (A n ) = Hilb(A n ) × FFlat FFlat mrk .
Then Hilb mrk (A n ) ⊂ A n × Hilb(A n ) is a subscheme finite locally free over Hilb(A n ), which is classified by the identity on Hilb(A n ).
There is a canonical map Gr d (A n ) → Hilb mrk d+1 (A n ) sending a surjection O n T → E to the surjection
Proof. There is a commutative square
The vertical maps are A 1 -equivalences on affine schemes by Proposition 3.2 and Proposition 3.1, and the lower horizontal map is an A 1 -equivalence by Proposition 2.6.
Let us now work over a base field k of exponential characteristic e. If X is a separated k-scheme of finite type, there are several ways to define its Voevodsky motive M(X) ∈ DM(k):
(1) we can consider the presheaf on Sm k represented by X and take its image by the canonical functor PSh(Sm k ) → SH(k) → DM(k); (2) we can consider the presheaf with transfers on Sm k represented by X and take its image by the canonical functor PSh Σ (Cor k ) → DM(k); (3) using the formalism of six operations on DM(−)[ 1 e ], we can form the motive f ! f ! (Z[ 1 e ]) where f : X → Spec k is the structure map.
All three constructions are known to agree after inverting e (as a consequence of [CD15, Proposition 8.1(c)]). In particular, the motive M(Hilb d (A n ))[ 1 e ] is unambiguously defined.
Lemma 3.6. Let k be a field of exponential characteristic e and let f : Y → X be a morphism of presheaves on the category of separated k-schemes of finite type, which is representable by finite locally free schemes of degree d. Let f 0 : Y 0 → X 0 be the restriction of f to Sm k . Then there exists a map t :
Proof. By [CD15, Proposition 8.1(c)], there is an equivalence DM(k)[ 1 e ] ≃ DM cdh (k)[ 1 e ]. For every separated k-scheme of finite type X and u ∈ X(X), the map u * ( f ) : u * (Y) → X is finite locally free of degree d, so there is a finite correspondence t u : X → u * (Y) such that u * ( f ) • t u = d. Taking the colimit over the category of elements of X, we obtain a morphism t :
Theorem 3.7. Let k be a field of exponential characteristic e and let d 1.
In particular, it is a sum of motives of the form
, with finitely many terms for each n.
Proof. The canonical map Hilb mrk d (A ∞ ) → Hilb d (A ∞ ) is representable by finite locally free schemes of degree d, so the first statement follows from Lemma 3.6 and Proposition 3.5. It is well known that M(Gr d−1 (A ∞ )) is a sum of motives of the form Z(n)[2n], with finitely many terms for each n. To conclude, we note that the subcategory of DM(k, R) spanned by sums of motives of the form R(n)[2n] is idempotent complete when R is a principal ideal domain, since its homotopy category is equivalent to the category of free graded R-modules.
The effective motivic K-theory spectrum
Fix a base scheme S. Let Corr fflat (Sch S ) be the (2, 1)-category whose objects are S-schemes and whose morphisms are spans X ← Z → Y with Z → X finite locally free. It is semiadditive and has a symmetric monoidal structure given by the cartesian product of S-schemes. We equip the ∞-category PSh Σ (Corr fflat (Sch S )) with the induced symmetric monoidal structure given by Day convolution. Recall that commutative monoids for the Day convolution are precisely right-lax symmetric monoidal functors [Gla16, Proposition 2.12]. The unit of this symmetric monoidal structure is the presheaf FFlat S , which therefore has a unique structure of commutative monoid.
We claim that the presheaf Vect S also has a structure of commutative monoid in PSh Σ (Corr fflat (Sch S )), with transfers given by the pushforward of finite locally free sheaves and multiplication given by the tensor product. To see this, we apply the symmetric monoidal unfurling construction of [BGS20, Corollary 7.8.1] to the category of finite locally free sheaves (fibered over Sch op S ) to obtain a right-lax symmetric monoidal functor Vect S : Corr fflat (Sch S ) op → Spc. The same unfurling construction produces a commutative monoid structure on FFlat S ∈ PSh Σ (Corr fflat (Sch S )) such that η : FFlat S → Vect S is a morphism of commutative monoids.
Using the symmetric monoidal forgetful functor Corr fr (Sch S ) → Corr fflat (Sch S ) [EHK + 19b, 4.3.15], we can regard η : FFlat S → Vect S as a morphism of commutative monoids in PSh Σ (Corr fr (Sch S )). Below we also denote by FFlat S and Vect S the restriction of these presheaves to Corr fr (Sm S ).
Recall that any presheaf with framed transfers on Sm S gives rise to a motivic spectrum via the functor Σ ∞ T,fr : PSh Σ (Corr fr (Sm S )) → SH fr (S) ≃ SH(S), where the equivalence is [Hoy18, Theorem 18].
Let β : (P 1 , ∞) → Vect gp be the morphism corresponding to the formal difference of locally free sheaves O P 1 − O P 1 (−1). For any scheme S, β induces a canonical element in π 2,1 (Σ ∞ T,fr Vect S ). Proposition 4.1. For any scheme S, there is an equivalence of E ∞ -ring spectra
in SH(S) ≃ SH fr (S).
Proof. By [Hoy17, Proposition 3.2], there are equivalences of symmetric monoidal ∞-categories of β-periodic modules P β Mod Vect gp (H(S) * ) ≃ P β Mod Vect gp (SH(S)), P β Mod Vect gp (H fr (S)) ≃ P β Mod Vect gp (SH fr (S)).
Under the former equivalence, the E ∞ -ring spectrum KGL S is the β-periodization of the pointed motivic space L mot Vect gp .
For F a Vect gp -module in either H(S) * or H fr (S), its β-periodization P β F is computed as a sequential colimit of the presheaves Ω n T F [Hoy17, Theorem 3.8 and Lemma 4.9]. Since the forgetful functor H fr (S) → H(S) * commutes with sequential colimits and with Ω n T , the square Mod Vect gp (H fr (S)) P β Mod Vect gp (SH fr (S))
of right-lax symmetric monoidal functors commutes. The commutativity of this square on the framed motivic space L mot Vect gp gives the desired equivalence.
Let kgl S ∈ SH(S) veff denote the very effective cover of KGL S [SØ12, Definition 5.5]. We shall only consider the spectrum kgl S when S is regular over a field (i.e., regular and equicharacteristic), in which case it coincides with the effective cover of KGL S (this is equivalent to the vanishing of the negative K-theory of fields, by the characterization of very effectivity in terms of homotopy sheaves [Bac17, §3]). Proof. By Theorem 4.1, there is a canonical E ∞ -map Σ ∞ T,fr Vect S → kgl S . The assertion that it is an equivalence is local on S, so we may assume S affine. By Popescu's theorem [Stacks, Tag 07GC], S is then a cofiltered limit of smooth k-schemes for some perfect field k. Since pro-smooth base change preserves very effective covers, we can assume that S is the spectrum of a perfect field k. In this case, by the motivic recognition principle [EHK + 19b, Theorem 3.5.14], the very effective cover of a motivic spectrum E is Σ ∞ T,fr Ω ∞ T,fr (E), and for X a framed motivic space we have Ω ∞ T,fr Σ ∞ T,fr ≃ X gp . Since L mot Vect gp is already β-periodic on regular schemes, we deduce that Σ ∞ T,fr Vect k is the very effective cover of (Σ ∞ T,fr Vect k )[β −1 ], so the corollary follows from Proposition 4. , there is an equivalence of (Z-graded) E ∞ -ring spectra (5.1) (Σ ∞ T,fr FQSm S )[u −1 ] ≃ PMGL S , where u ∈ π 2,1 (Σ ∞ T,fr FQSm 1 S ) ≃ π 2,1 (Σ 2,1 MGL S ) is the suspension of the unit of MGL S . The commutative monoid structure on PMGL S in the homotopy category hSH(S) is determined by that of MGL S , and it classifies periodic oriented ring spectra, i.e., oriented ring spectra E with a given unit in π 2,1 (E).
Under the equivalence (5.1), Thom classes of vector bundles have the following geometric description. If E is a locally free sheaf of rank n over a smooth S-scheme X, its Thom class in MGL 2n,n X (V(E)) is represented by the zero section X ֒→ V(E) in FQSm n S (V(E)). Indeed, this holds by construction of the equivalence Σ ∞ T,fr FQSm n S ≃ Σ 2n,n MGL S , cf. [EHK + 19a, Construction 3.1.1]. Proposition 5.2. Let S be a scheme. The E ∞ -map MGL S → KGL S induced by FSyn S → Vect S is the standard orientation of KGL S .
Proof. There is a commutative square of commutative monoids in presheaves with framed transfers
where Perf S (X) is the ∞-groupoid of perfect complexes on X and the morphism FQSm S → Perf S forgets the algebra structure. By Proposition 4.1, the framed transfers on Ω ∞ T,fr KGL S are given by the standard covariant functoriality of homotopy K-theory. In particular, the E ∞ -map Vect S → Ω ∞ T,fr KGL S in PSh Σ (Corr fr (Sm S )) factors through Perf S , and hence the composite FSyn S → Vect S → Ω ∞ T,fr KGL S factors through FQSm S . By adjunction and [EHK + 19a, Theorem 3.4.1], we obtain a sequence of E ∞maps MGL S → n 0 Σ 2n,n MGL S → KGL S .
Recall that the standard periodic orientation of KGL S is such that the Thom class of a finite locally free sheaf E over X is represented by the perfect O V(E) -module O X , which is precisely the image of the zero section X ֒→ V(E) by the forgetful map FQSm S (V(E)) → Perf S (V(E)). Hence, the map Σ 2n,n MGL S → KGL S constructed above preserves Thom classes of locally free sheaves of rank n. In particular, Σ 2,1 MGL S → KGL S sends u to the Bott element β, which is the Thom class of O S , and we obtain an induced E ∞ -map PMGL S → KGL S .
This map preserves Thom classes by construction, i.e., it induces the standard periodic orientation of KGL S .
Remark 5.3. For S = Spec(C), the E ∞ -map PMGL S → KGL S constructed above realizes to the folklore E ∞ -map MUP → KU alluded to in [HY19, page 3]. In particular, it differs from the Gepner-Snaith E ∞map PMGL S → KGL S constructed in [GS09] , which uses a different E ∞ -ring structure on PMGL S (see [BH18, Remark 16 .20]).
Corollary 5.4. Suppose that S is regular over a field. Under the equivalence kgl S ≃ Σ ∞ T,fr FFlat S of Theorem 4.4, the standard orientation MGL S → kgl S is Σ ∞ T,fr of the forgetful map FSyn S → FFlat S .
